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ABSTRACT 

 
The objective of this note is to present a theorem about the approximation of any 

distribution by a mixture of Gama distributions, that allows to consider directly infinite 

states space in the study of queuing networks systems. 
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1. INTRODUCTION 

 

The usual approach to the study of queuing networks is based on the 

consideration of finite states space, see for instance (1,2).  

The insensitivity problem2 may be approached for systems with infinite states 

space, representing these systems as limits of insensible systems sequences, see again 

(1,2). 

Alternatively the system with infinite states space may be considered directly 

and use the fact that any distribution may be approached by a mixture of Gama 

distributions, as it is shown in the following theorem, see (3). 

2. THE APPROXIMATION THEOREM 

 

Theorem 2.1 

 

Be F(x) the Distribution Function of the positive random variable X. It is 

possible to choose a sequence of Distribution Functions 𝐹𝑚(𝑥), where each term is a 

mixture of Gama Distributions, such that  

 
1 This work was financially supported by FCT through the Strategic Project PEst-OE/EGE/UI0315/2011. 
 
2 That is, the fact that some characteristics of the network depend on the service time distribution only 

through its mean. When this happens it is said that those characteristics are insensible to the service time 

distribution. 
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𝑚→∞

 𝐹𝑚(𝑥) = 𝐹(𝑥) 

 

 

in the whole x  for which F(.) is continuous. 
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where 𝐺𝑚
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 Suppose that there are the X moments till the order r. Giving to the 𝜑𝑚
𝑘 (𝑡) the 

form 
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the Characteristic Function of 𝐹𝑚(𝑥) is given by 
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by the Monotone Convergence Theorem, see (4).  

 So 
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being Φ(𝑡) the X Characteristic Function in the neighborhood of t = 0. In consequence 

 

 

lim
𝑚→∞

 𝐹𝑚(𝑥) = 𝐹(𝑥) . ∎ 

 

Observations: 
 

- The convergence considered in this theorem, through the characteristic 

function, is the convergence in distribution,  

 

- Evidently, using this approximation for the service time distribution, it is 

possible to consider directly infinite states space in the study of queuing 

networks systems. 

 
 

REFERENCES 

 

1. M. A. M. Ferreira. Redes de filas de espera. Master thesis presented at 

IST – UTL, Lisboa (1987). 

 

2. R. L. Disney and D. König (1985) Queueing networks: a survey of their 

random processes, Siam Review 27 (3), 335-403. 

 

3. F. P. Kelly (1979) Reversibility and Stochastic Networks. John Willey & 

Sons, New York. 

 

4. H. L. Royden. Real Analysis. Mac Millan Publishing Co. Inc., New York, 

1968. 

 

5. M. Andrade. A Note on Foundations of Probability. Journal of 

Mathematics and Technology, 1 (1), 96-98, 2010. 

 

6. F. Basket, M. Chandy, R. Muntz and J. Palacios. Open, closed and mixed 

Networks of Queues with Different Classes of Customers. Journal of 

ACM 22, 248-260, 1975. 

 

7. M. A. M. Ferreira. A Note on Jackson Networks Sojourn Times. Journal 

of Mathematics and Technology, 1 (1), 91-95, 2010. 

 

8. M. A. M. Ferreira and M. Andrade. Algorithm for the Calculation of the 

Laplace-Stieltjes Transform of the Sojourn Time of a Customer in an 



Open Network of Queues with a Product Form Equilibrium Distribution, 

assuming Independent Sojourn Times in each Node. Journal of 

Mathematics and Technology, 1 (4), 31-36, 2010. 

 

9. M. A. M. Ferreira and M. Andrade. Fundaments of Theory of Queues. 

International Journal of Academic Research, 3 (1), part II, 427-429, 2011. 

 

10. M. A. M. Ferreira and M. Andrade. Grouping and Reordering in a 

Servers Series. Journal of Mathematics and Technology, 2 (2), 4-8, 2011. 

 

11. M. A. M. Ferreira and M. Andrade. Non-homogeneous Networks of 

Queues. Journal of Mathematics and Technology, 2 (2), 24-29, 2011. 

 

12. M. A. M. Ferreira and M. Andrade. The M/GI/1 Queue with 

Instantaneous Bernoulli Feedback Stochastic Processes: A Review. 

Journal of Mathematics and Technology, 2 (3), 27-30, 2011. 

 

13. M. A. M. Ferreira and M. Andrade. The Fundamental Theorem in 

Queuing Networks. Journal of Mathematics and Technology, 2 (3), 48-53, 

2011. 

 

14. M. A. M. Ferreira and M. Andrade. An infinite servers Nodes Network in 

the Study of a Pensions Fund. International Journal of Latest Trends in 

Finance and Economic Sciences, 1 (2), 91-94, 2011. 

 

15. M. A. M. Ferreira and M. Andrade. Queue Networks Models with More 

General Arrival Rates. International Journal of Academic Research, 4 (1), 

PART A, 5-11, 2012. 

 

16. M. A. M. Ferreira and M. Andrade. Sojourn Times in Jackson Networks. 

11th International Conference – APLIMAT 2012. Proceedings, 871-885, 

2012. 

 

17. M. A. M. Ferreira and M. Andrade. A Method to Approximate First 

Passage Times Distributions in Direct Time Markov Processes. 11th 

International Conference – APLIMAT 2012. Proceedings, 863-870, 2012. 

 

18. M. A. M. Ferreira and J. A. Filipe. Solving Logistics Problems using 

M/G/ Queue Systems Busy Period. Aplimat- Journal of Applied 

Mathematics, 3 (3), 207-212, 2010. 

 

19. M. A. M. Ferreira and J. A. Filipe. Economic Crisis: Using M/G/oo 

Queue System Busy Period to Solve Logistics Problems in an 

Organization. China-USA Business Review, 9 (9), 59-63, 2010. 

 

20. M. A. M. Ferreira, M. Andrade and J. A. Filipe. Networks of Queues 

with Infinite Servers in Each Node Applied to the Management of a Two 

Echelons Repair System. China-USA Business Review 8(8), 39-45 and 

62, 2009. 

 



21. M. A. M. Ferreira, M. Andrade, J. A. Filipe and A. Selvarasu. The 

Management of a Two Echelons Repair System Using Queuing 

Networks with Infinite Servers Queues. Annamalai International Journal 

of Business and Research, 1, 132-137, 2009. 

 

22. M. A. M. Ferreira, M. Andrade, J. A. Filipe and M. Coelho. Statistical 

Queuing Theory with Some Applications. International Journal of Latest 

Trends in Finance and Economic Sciences, 1 (4), 190-195, 2011. 

 

23. J. Figueira and M. A. M. Ferreira. Representation of a Pensions Fund by 

a Stochastic Network with Two Nodes: an Exercise. Portuguese Review 

of Financial Markets, 2 (1), 75-81, 1999. 

 

24. J. R. Jackson. Networks of Waiting Lines. Operations Research 5, 518-

521, 1957. 

 

25. L. Kleinrock. Queueing Systems. 1, Wiley, New York, 1975. 

 

26. L. Kleinrock. Queueing Systems. 2, Wiley, New York, 1976. 

 

27. L. Mathew and D. Smith. Using Queuing Theory to Analyze Completion 

Times in Accident and Emergency Departments in the Light of the 

Government 4-hours Target. Cass Business School retrieved on 2008-05-

20, 2006. 

 

28. R. Syski. Introduction to Congestion Theory in Telephone Systems. 

Oliver and Boyd. London, 1960. 

 

29. R. Syski. Introduction to Congestion Theory in Telephone Systems”. 

North Holland. Amsterdam, 1986. 

 

30. H. C. Tijms. Algorithmic Analysis of Queues. Chapter 9 in “A First 

Course in Stochastic Models”, Wiley, Chichester, 2003. 

 

31. J. Walrand. An Introduction to Queueing Networks. New Jersey: 

Prentice-Hall, Inc., 1988. 

 

 

 

 

 

 


