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1 Introduction

This study is a continuation of paraboctys part 1 and continues in paraboctys part 3.

Please, as reference consult Conventions, notations, and abbreviations [2].

In this study, we will explain the basic functioning of paraboctys showing the reason for
appearing quadratic sequences.

After justifying the name paraboctys, we will define what is the specific paraboctys in the
submarine and destroyer forms.

Then we will define the general paraboctys and its conclusive notation.

Then we will introduce the concept of triangles formed by the Integers in the paraboctys,
which we call trianz.

Finally, we will show one application of the trianz’s as an example of the separation and
classification of the prime numbers.



2 The form of the table and its equations

Realize that as a consequence of the reasoning proposed, the table we arrived at has the

following form of construction:
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Figure 1: Table with the rows growing downwards in the opposite direction of the Y-axis and
the columns growing right in the direction of the X-axis.

In the 1% row are the Natural numbers or (N + 0).

In the 2™ row are the Natural numbers from the 1% row added by 2 or (N + 2).
In the 3™ row are the Natural numbers from the 1% row added by 6 or (N + 6).
In the 4™ row are the Natural numbers from the 1% row added by 12 or (N + 12).
In the 5 row are the Natural numbers from the 1% row added by 20 or (N + 20).
And so on...

Now, to study this table, it will be easier to have a quick access mechanism to denote any
element and/or sequences of the table.

The easiest way to map this table is to use the Cartesian coordinate system. If we invert the
direction of the rows, we can map it using the usual two dimensions (x, y) coordinates.

Then, we can refer to the position of each element as we do in the XY-plane. Let’s see:
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Figure 1. Table with the rows growing up along the Y-axis and the columns growing right
along the X-axis.

From now on, all along with these studies, we will use

e Y-axis with variable y as the index value of the rows of the table, and
e X-axis with variable x or C as the index value of the columns of the table.

Then we can call each element of our table as being a function Y [C, y], where the variable C
is the column value and the coordinate y is the row value.

So, in algebraic terms, we can write:

Y[C,y] =Y[(C-1),y]+1
Y[C,y] =Y[C,(y — D] + dif[y]
Where dif [y] is the sequence from our reasoning (0,2,4,6,8,10, ...) in the function of index

y in Y-axis, or:

diflyl =2(y - 1)

So, we can write

Y[C,y]=YI[C,(y - D]+ 20y - 1)
In the horizontal rows, there is no mystery. The form of all the horizontal rows is the

consecutive form of the Integer numbers.



But in the verticals and some diagonals, there are very visible Prime numbers sequences. So,
let’s try to understand what happens with the elements in the vertical columns when we vary
index y.

When y =1, then Y[C, 1] = C. Or, when y = 1, then Y|[C, 1] is the value of the column C.
So,

Y[C,1]=C
From our system
Y[C,y] =Y[(C-1),y] +1
Y[Cy]=Y[C,(y = D] +2(y - 1)

We have
Y[C,2]=Y[C,1]+2%1
Y[C,3]=YI[C,2]+2%2
Y[C,4] =YI[C,3]+2%*3
Y[C,5] =YI[C, 4]+ 2«4
Y[C,6] =Y[C,5]+2%*5
Or
Y[C,1] =Y][C, 1]
Y[C,2]=Y[C,1]+2%1
YIC,3]=Y[C,1]+2x1+2%2
Y[C,4] =Y[C,1]+2*x1+2x2+2%3
Y[C,5]=Y[C,1]+2x1+2x24+2+x3+2x4
Y[C,6]=Y[C,1]+2*x1+2x2+2x3+2+4+2%5

Because we started in Y[C, 1] = C, we can write:
Y[C,1]=C
Y[C,2]=C+2x1
Y[C,3]=C+2x14+2%2
Y[C,4]=C+2%1+2%2+2%3
Y[C,5]=C+2+14+2%2+2%3+2x4
Y[C,6]=C+2+14+2%2+2%3+2x4+2x%5

Generically writing:
Y[C,y]=C+2+x1+2%2+2+x3+2%x4+2+x5+--4+2(y—1)
So,
Y[C,y]=C+2(14+2+3+4+5++(y—1))
Or,

Y[C,y] = C +2 <y(yT_1)>

Then,

Y[Cyl=y*-y+C
Y[C,y] = Oblong number + C = A002378 + C



This means we have sequences in verticals of the form of a 2nd-degree polynomial. We call
these sequences quadratics or parabolas. So, the equations give the sequences in each column:

Y[0,y] =y* -y

Y[Lyl]=y*-y+1
Y[2,y] =y? -y +2
Y[3,y]=y* -y +3
Y[4,y]=y* -y +4
Y[5,y] =y*-y+5

Note: our vertical sequences can be denoted as a sequence of elements of the form of a function
justas Y[y].



3 Extending the table to the negative indexes

Realize that nothing prevents us from using negative columns C and/or negative indexes y
values on the equation of the verticals.

So, using Y[y] = y*2 — y + C, we can extend our table to cover all Integer values for columns
and rows.

See what we get:
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Figure 1. Table resulting from our reasoning.

What G’d invented here to be discovered by us?



4 Why appeared quadratics on the verticals?

The method of finite differences can explain and justify the 2"-degree polynomial equation

Y[y] = y? — y + C that we have just arrived in the form to express the vertical sequences formed
in the table.

The 2"-degree polynomial equation that we have just arrived in the form Y[y] = y?> —y + C
to express the vertical sequences formed in the table can be explained and justified by the method
of finite differences.

This is because the table we have arrived at results from the reasoning that has the following
algorithm:

e from the row y = 1, we added 2 to get the row y = 2.
e from the row y = 2, we added 4 to get the row y = 3.
e from the row y = 3, we added 6 to get the row y = 4.
e from the row y = 4, we added 8 to get the row y = 5.
e Andsoon...

This means that
e the result of the difference between the elements of row y = 2 minus the elements of row
y=1,isdif =2.
e the result of the difference between the elements of row y = 3 minus the elements of row
y = 2,isdif =4.
e the result of the difference between the elements of row y = 4 minus the elements of row
y = 3,isdif = 6.
e the result of the difference between the elements of row y = 5 minus the elements of row
y=4,isdif =8.
e And so on.

This also means that

e the result of the difference between (elements of row y = 3 minus elements of row y =
2) minus the (elements of row y = 2 minus the elements of row y = 1),is dif dif = 4 —
2=2.
e the result of the difference between (elements of row y = 4 minus elements of row y =
3) minus the (elements of row y = 3 minus the elements of row y = 2),is dif dif = 6 —
4 =72.
e the result of the difference between the (elements of row y = 5 minus elements of row
y = 4) minus (elements of row y = 4 minus the elements of row y = 3), is difdif =
8—6=2.
e Andsoon.
If we now calculate a new level of differences, we get difdifdif = 0. When we get to the
Zero difference level, it means that there will be no new levels and so we stop the process.
So, since we have only 2 different levels of the differences, the method of finite differences
assures us we are dealing with a 2"-degree polynomial.

And yet, as dif dif = 2 then the method of finite differences also ensures that the coefficient
iterations of dif __ difdif _ 2

n! T2 2
simplest polynomial equations, the inflection point, the recurrence equations up to degree 6, and

the method of finite differences”.

of the 2"-degree is a = = 1. See more details in the study “The



4.1 Any even number results from a difference between 2 Primes

Because the table we have arrived at has the following algorithm:

from the row y = 1, we added 2 to get the row y = 2.
from the row y = 2, we added 4 to get the row y = 3.
from the row y = 3, we added 6 to get the row y = 4.
from the row y = 4, we added 8 to get the row y = 5.

And so on...
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Therefore, if we prove that for all consecutive row pairs in our table, there will always be at
least one vertical sequence of 2 Positive Primes in any column of the table, then we can prove

that “any even number results from a difference between 2 Primes” .
See that in Figure 1 above, we have the following negative columns with the sequences of
two Primes whose differences result in Even numbers:



4.2 Any even number results from a sum of 2 Primes

Thus, refining our reasoning a little, if we sophisticate the proof showing that for all pairs of
consecutive rows there is at least one column with a sequence of two primes in the vertical where
the minuend is a positive prime and the subtracting is a negative prime, then we prove that “any
even number results from a sum of 2 Primes”.

See that in Figure 1 above, we have the following negative columns with the sequences of
two Primes whose differences result in Even numbers:



S Origin of the name paraboctys

Continuing with the exploration with our extended table, it draws our attention to the diagonals
with the sequence of the perfect square numbers in yellow.

Note that each perfect square number diagonal delimits a triangle with the shape of a Tetractys.

Because of the inherent symmetry of the vertical quadratic sequences, all triangles of Tetractys
are dual.

In the table, there is an infinity of Tetractys type triangles. The easiest to see is right in the
center.

As shown in Figure 1 below, the 2 yellow diagonals in angles of +45° delimit the central dual-

Tetractys extended:

N N N T T A N T T O
T N A N T T N I N I S O
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Figure 1. The dual-Tetractys extended in the center.

The other infinitely many dual-Tetractys extended triangles spread in different inclinations
and offset all along with the table to infinite.
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Figure 1. The dual-Tetractys extended next to the center.
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Figure 1. More dual-Tetractys extended. And so on....

When we study this table, we notice many things.
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5.1 Symmetry that reminds The Kybalion

The symmetry of the table is because of the symmetry that exists in the parabolas. It is the
symmetry of the parabolas that produces here the symmetrical quadratic sequences.

In The Kybalion, it is written: "Principle of Polarity: The Principle of Polarity embodies the
idea that everything is dual, everything has two poles, and everything has its opposite. All
manifested things have two sides, two aspects, or two poles. Everything "is" and "isn't" at the
same time, all truths are but half-truths and every truth are half false, there are two sides to
everything, opposites are identical in nature, yet different in degree, extremes meet, and all
paradoxes may be reconciled.”

5.2 Parabola that reminds the Hyperbola

We define a parabola as a set of points in a plane equidistant from a straight line or directrix
and focus.

We can define the hyperbola as the difference of distances between a set of points, which are
present in a plane to two fixed points, is a positive constant.

5.3 Quadratics that reminds the Inverse Square Law

In science, an Inverse Square Law is any scientific law stating that a specified physical

quantity is inversely proportional to the square of the distance from the source of that physical
quantity. We can understand the fundamental cause for this as geometric dilution corresponding
to point-source radiation into three-dimensional space.

12



5.4 Tetractys that reminds Pythagoras, and past studies.

The Tetractys is a triangular figure consisting of ten points arranged in four rows: one, two,
three, and four points in each row, which is the geometrical representation of the fourth triangular
number.

The Tetractys triangle form was already extended by Athanasius Kircher - Mundus
subterraneous (1664).

& N
4

: AN NN
s ahanu
PNV NN A N
SIS,
AN
o /\% A A

B i

Figure 1. The Tetractys extended triangle by Athanasius Kircher - Mundus subterraneous
(1664).

We mention the Tetractys triangle in OEIS as a solution to a puzzle from Copyright of the
Prime Pages' Prime Curios! is held by its Managing Editors: G. L. Honaker, Jr. and Chris
Caldwell. The solution provided by OEIS is on A135948.

Also, there is a mention at A000217 Triangular numbers saying a(4): points in Pythagorean
Tetractys.

Also, the Tetractys extended triangle was studied by Laurence Monroe Klauber in 1932 to sift
Prime sequences.
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The Klauber Triangle

The triangle provides a graphic method of visualizing the fact that certain quadratic
polynomials, such as 2 — = + 41, produce a remarkable density of prime numbers
when z is an integer.

W 3

An example from Klauber’s notes. Courtesy of William Orrick (Indiana University)
and the San Diego Natural History Museum (SDNHM). The SDNHM has scanned
many, if not all, of Klauber’s notebooks.

Figure 1. The Klauber Triangle.

The Klauber Triangle is the oldest study we have found close to our studies. We can
understand that the table we have arrived at extends the Klauber Triangle.

See that at the top of the photo he makes some essays to extend his triangle. The photo is not
very clear, but he probably tried to extend it to both the positive and the negative side. It would
interest to see more clearly what exactly he wrote. Probably, if in his time there were computers
like nowadays, certainly he would have arrived in our complete table.

There is also a past study of the Klauber triangle in the link OEIS study. We cannot detect
who the real author of this photo is.

5.5 Final soup

Because this table represents infinitely many PARABOIlas with infinitely many dual-
tetraCTY'S extended triangles, we gave the name PARABOCTYS for this table.

14



6 Definition of the specific paraboctys:

The extended table that we have reached allows us to define the specific paraboctys with the
following algorithm:

6.1 The three initial consecutive elements

Each column is a 2"-degree polynomial equation of the form
Y[yl =ay?+ by +c
The 3 consecutive elements of a vertical sequence [Y[—l], Y[0], Y[l]] =[xy, x5, x3]
determine the coefficients. Each vertical quadratic equation is
xl_zxz +x3 2 x3_x1
< 2 )y +H(Fg )y

[x1!x2ix3] = Y[y] =

Let's define the three initial consecutive elements as [x;, x5, x3] = [g, 0, {]. Then, the central
column of the specific paraboctys has the following equation of 2"-degree:

s0i1=r1- E)50+ (5>
Then, the central column of the specific paraboctys has the following equation of 2nd-degree:
IR T N N s N B N
T Tem

A [ A N N YO I I I
A A N N T I U N N

6g+10i

3g+6i

g+3i

Y[1]=x_3 i

Y[0]=x_2 -4 -3 -2 -1 — 1 2 3 4

Y[-1]=x_1 - 9

3g+i
6g+3i

10g+6i
Figure 1. The central column of any specific paraboctys.
See how the triangular numbers A000217 {0,1,3,6,10,15,21,28,36,45,55,66, ... } are present

in the coefficients of the elements equations that form the central column.
From now on, always keep in mind that:

1. sequence of oblong numbers = sequence of triangular numbers(n) +
sequence of triangular numbers(n)

2. sequence of square numbers = sequence of triangular numbers(n) +
sequence of triangular numbers(n — 1)
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6.2 The specific paraboctys

Thus, the specific paraboctys can be obtained by adding one unit to each right column in each

of the center column elements and subtracting one unit to each left column in each of the center
column elements. See what we get:

I T I N N RN
IS I8 I8 W I I e R

I 7 IV N R I P R T
s e o [

4 (6g+10i)-4 (6g+10i)-3 (6g+10i)-2 (6g+10i)-1 6g+10i (6g+10i)+1 (6g+10i)+2 (6g+10i)+3 (6g+10i)+4

(3g+6i)-4 (3g+6i)-3 (3g+6i)-2 (3g+6i)-1 3g+6i  (3g+6i)+1 (3g+6i)+2 (3g+6i)+3 (3g+6i)+4

(g+30)-4  (g+3i)-3  (g+3i)-2 (g+3i)-1 g+3i (g+3i)+1  (g+3D)+2 (g+3)+3  (g+3i)+4

Y[1]=x_3 i-4 i-3 i-2 i-1 i i+1 i+2 i+3 i+4

Y[0]=x_2 -4 -3 -2 -1 _ 1 2 3 4

Y[-11=x_1 - g-4 g-3 g-2 g-1 g g+1 g+2 g+3 g+4

(3g+i)-4 (3g+i)-3 (3g+i)-2 (3g+i)-1 3g+i (Bg+i)+1  (3g+i)+2 (3g+i)+3  (3g+i)+4
(6g+3i)-4 (6g+3i)-3 (6g+3i)-2 (6g+3i)-1 6g+3i  (6g+3i)+1 (6g+3i)+2 (6g9+3i)+3 (6g+3i)+4

-4 (10g+6i)-4 (10g+6i)-3 (10g+6i)-2 (10g+6i)-1 10g+6i (10g+6i)+1 (10g+6i)+2 (10g+6i)+3 (10g+6i)+4

Figure 1. The specific paraboctys. To the right, we add one unit, to the left we decrease one
unit.

Note that, whatever the specific paraboctys defined by integers g, i, the coefficients a, and b
never change in vertical quadratics. Check in the quadratics general formula why. Interesting,
isn’t it?
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6.3 The submarine specific paraboctys

In cases where g = i # 0, all vertical columns will have coefficients a = g and b = 0.

16g-3

16g-2 16g-1

9g-4 9g-3 9g-2 9g-1 9¢g 9g+1 9g+2 9g+3 9g+4
49-4 49-3 4g-2 49-1 49 4g+1 4g+2 4g+3 4g9+4
Y[1]=x_3 g-4 g-3 g-2 g-1 g g+1 g+2 g+3 g+4
Y[0]=x_2 4 3 2 1 — 1 2 3 4
Y[-1]=x_1 - g-4 g-3 g-2 g-1 g g+1 g+2 g+3 g+4
49-4 49-3 4g-2 4g-1 49 4g+1 4g+2 4g+3 49+4
9g-4 9g-3 9g-2 9g-1 9¢g 9g+1 9g+2 9g+3 9g+4
16g-4 169-3 16g-2 16g-1 169 16g+1 16g+2 16g+3 16g+4

Figure 1. The submarine specific paraboctys.

Now, see how the Square numbers sequence A000290 {0,1,4,9,16,25,36,49,64,81,100, ... } is
present in the coefficients of the elements equations that form the central column.
This happens because
A000217(n-1) ={...,0,0,1,3,6,10,15,21,28,36,45, ... }
+
A000217(n) ={...,0,1,3,6,10,15,21,28,36,45,55, ... }
A000290(n) = {0,1,4,9,16,25,36,49,64,81,100, ... }
Or we can say:
Square(n) = Triangular(n) + Triangular(n — 1)
A000290(n) = A000217(n) + A000217(n — 1)
See, the Offset theory [3] allows us to write this sum of triangular numbers sequences by
infinite algebraic forms. For example:

y? +0y+ 0= (0.5y2 - 0.5y + 0) + (0.5y% + 0.5y + 0)
y?2+2y+1=(05y%+0.5y+0) + (0.5y% + 1.5y + 1)
y2+4y+4=(05y*+ 1.5y + 1) + (0.5y% + 2.5y + 3)
y2 + 6y +9 = (0.5y% + 2.5y + 3) + (0.5y% + 3.5y + 6)

That's why it's important to always think of the reference in offset f=0.
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6.4 The destroyer specific paraboctys

In cases where g # i = 0, all vertical columns will have coefficients a = —b ==

----n----

—-

6g+1

6g9+2 6g9+3 6g+4

3g9-4 3g-3 3g-2 3g-1 39 3g+1 3g+2 3g+3 3g+4
g-4 g-3 g-2 g-1 g g+l g+2 g+3 g+4
Y[1]=x_3 4 3 2 1 1 2 3 4
Y[0]=x_2 4 3 2 1 1 2 3 4
Y[-1]=x_1 - g-4 g-3 g-2 g-1 g g+1 g+2 g+3 g+4
3g9-4 3g-3 3g-2 3g-1 39 3g+1 3g+2 3g+3 3g+4
6g9-4 6g-3 6g-2 6g-1 6g 6g+1 6g+2 6g+3 6g+4
10g-4 10g-3 10g-2 10g-1 109 10g+1 10g+2 10g+3 10g+4

Figure 1. The destroyer specific paraboctys.

If we want to use these specific paraboctys to find the prime number sequences on verticals
and diagonals, then we need to have two basic things. First, all the elements forming the quadratic
sequences must be Integers. Second, all the coefficients of the quadratic equations must also be
Integers.

If the elements of the quadratic sequence are Integers, but the coefficients of the equation are

not (they may be O%d), there will be no prime number sequence because there will be odd and

even numbers interleaved by following the interleaving present in the triangular numbers.
With this “prime goal” in mind, the value of g cannot be odd. So, let's do g = 2a and see what
we get:
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12a+1 12a+2

6a-4 6a-3 6a-2 6a-1 6a 6a+1 6a+2 6a+3 6a+4
2a-4 2a-3 2a-2 2a-1 2a 2a+1 2a+2 2a+3 2a+4

4 3 2 1 1 2 3 4

4 3 2 1 1 2 3 4
2a-4 2a-3 2a-2 2a-1 2a 2a+1 2a+2 2a+3 2a+4
6a-4 6a-3 6a-2 6a-1 6a 6a+1 6a+2 6a+3 6a+4
12a-4 12a-3 12a-2 12a-1 12a 12a+1 12a+2 12a+3 12a+4
20a-4 20a-3 20a-2 20a-1 20a 20a+1 20a+2 20a+3 20a+4

Figure 1. The destroyer specific paraboctys.

Now, see how the Oblong numbers A002378 {0,2,6,12,20,30,42,56,72,90,110, ...} are
present in the coefficients of the elements equations that form the central column.

This happens because

A000217(n) ={...,0,1,3,6,10,15,21,28,36,45,55, ... }
+

A000217(n) ={...,0,1,3,6,10,15,21,28,36,45,55, ... }

A002378(n) = {0,2,6,12,20,30,42,56,72,90,110, ... }

Or we can say:

Oblong(n) = Triangular(n) + Triangular(n)
A002378(n) = A000217(n) + A000217(n)

Also here, the “Offset theory” study [3] allows us to write this sum of triangular numbers
sequences by infinite algebraic forms. This also shows us why the offset f = 0 is very important
as a reference in infinite sequences. A small one-step offset's change in the indexes of the sum of
the triangle numbers changes the result from square to oblong and vice versa.

This was the reason Ramanujan arrived in a sum of positive Integer numbers with a nonsense

1

fractional and negative result: 1 +2 + 3 + 4+...= — o

6.5 Specific paraboctys notation

Because just 3 consecutive and constant central elements from column Zero
[Y[—l], Y[0], Y[1]] = [x1, X5, x3] = [g,h, i] determine all the specific paraboctys table, then just
the 3 consecutive and constant central elements [Y[—l],Y[O],Y[l]] = [x1, x5, x3] = [g h,i]

determine any specific paraboctys.
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6.6 General paraboctys notation

See, the way we defined the specific paraboctys every vertical sequence in column C + 1 is the
elements in the vertical sequence of column C added by one unit.

To generalize any kind of paraboctys, let’s allow the 3 lines Y[-1], Y[0], and Y[1] generating
the quadratic equations to be any mathematical function where the index of the function is the
value of the column. Thus, Y[—1] = X;(x), Y[0] = X,(x), and Y[1] = X;(x):

PS[Y[-1],Y[0], Y[1]] or PS[X;(x), X, (x), X5(x)]
Example 1: let’s be
Y[1] = X3(x) =x? —x + 11
Y[0] = X,(x) =x? —x+ 11
Y[-1]=X;(x) =x?*—x+13
Then, we position each vertical at an x coordinate. Each vertical will have its elements

applying the equation Y[y] = (xl_zzﬂ) y? + ( )y + x, to its 3 consecutive elements in

Y[—1],Y[0],Y[1]. See what we get:
I T S T T S N N A S I

xip 251 221 193 167 143 121 101 82,8 66,8 52,8 40,8 30,8 22,8 16,8 12,8 10,8 10,8 12,8 16,8 22,8 30,8 40,8 52,8 66,8 82,8 101 121 143 167 193 221
xfocus 251 221 193 167 143 121 101 8 67 53 41 31 23 17 13 11 11 13 17 23 31 41 53 67 83 101 121 143 167 193 221
R 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
#### -883 -771 -667 -571 -483 -403 -331 -267 -211 -163 -123 -91 -67 -51 -43 -43 -51 -67 -91 -123 -163 -211 -267 -331 -403 -483 -571 -667 -771 -883
IVAl i et A S R A S B SR B A R A SR B A S A S B S R A S B S S B S S
C.G. it At A A FRAA A A FRAA AR A SIS A FHAA A A A A A FHAA A JHAA FHAA A JHAA FHAH A JAAH FHAH SR FHAH
Root1 H#RHE HRRH FRAR FHRR AR B FARE AR B AR AR AR AR AR R R R R R R RS R R R R R R AR R R
Root2 HERE HHRE FRBE R FRE B R R R B AR R R R R R R R B R AR B R R B R B R R R SR
ROOt2-ROOU] #ttit #t#h# i #HHH HHIH FHAH FHAH FHIR FRAR FHRH IR TR A IR TR FHRH R AR R TR A A BRI AR A AR IR JHRA FHAR FRRA B
Classif. | DES | DES DES DES 'DES | DES DES | DES DES DES 'DES | DES DES DES 'DES DES 'DES | DES DES DES 'DES DES DES DES DES DES DES DES |DES DES |DES
y_ip 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5
[ oJoflofoJoJofloJoJofofJoJoJofoJfo o foflofJoJofofoJoJofo[fo] [ o] o]
[N ST ST T T T T T T TN T MO I O N I I N N T O O O O IO I IO O
[ | 1211101 83 [ 67 ] [ 67 | 83 [101[121]
[ 631 [ 601 | 501 481 447 [EEENIEEAN 411 403 393 403 411 [EPANIEEEN 447 EEEN 481 501
535 [IHEA 485 IEH 42 395 [EIEN 425 485
527 473 427 407 [EB 319 329 EREREEEN 407 427 473 [EEEN 527

285 289 295 303 [EREN 325 339 355 [EEEN 393 415 [EERN 465 493

ERFAEFEN 341 361
403 377 ------- [ 233 [ 241 251 [ 263 [ 277293 [ 311 [ 331 ] 353 JEREMRTE
403 375 JEZEN 325 303 [EXEN 265 249 235 [EEEN 213 205 195 193 193
PLIN 277 | 239 | | 169 RGP
325 299 275 253 EEEN 215 WEEN 185 163 [REH [ 145 RS
303 253 231 141 133 [123]121] 121 ]

[1o1 ] [143] 101

[113] [143] [ 191 [211 [233[257 [ 283 ]
EE o 125 155 [ERENNEEN 215 265
[ 109 | 123 177 IEERIEEEN 249
| 5o | 65 95 [ 109 BB 185 209 235
3 61 -

155 [EEEN 205
[199]

195 | 223
193

67 83 101 EEN 143 193

43 mm 103 NPENREENNTEY 105 223

27

133 [EEEN 95 65 55 95 [EEl 133 155 BB

141 121 Al 73 | o G 43 | 51 EI 87 121 141 187 213 [EZIN
31 [0 83 | 61 [ 53 3] 61 | 3 | 97 |

209 235 Pl

[123]121] 121 |
325 299 275 253 [EEEN 215185 173 [ 163 |RES IZENREEN 145 HEED 155 IEEREEEN 155 BN 215 [EEEN 253 275 299 325 [EEH
407 377 209 [ 200 EHA 187 IERNMEZN 165 [WITAINITA| 165 EENMEZN 157 MEHA 209 299 377
403 375 [EZEN 325 303 213 205 195 193 193 303 325 [EZEN 375 403

ZERN 403 377 203 | 277 | 377 403 [EELN
341 361 PYYd 433 | 461 |

493 465 EEN 415 393 [EEEN 35 303 295 EFEN 393 415 [EEEN 465 493
\lﬂ 527 473 427 407 329

535 LN 485 425 [ | 359 | 3 GEN 425 485 [EHEN 535

[ 631 [ 601 &S 523 IR <63 I 433 | 421 |3N 397 393 [EEEA 403 411 447 [EXEN 481 501 EXEN 601 |

(34N 641613 [587]563]541]521]503] 487 JERE 451 [EZEN 437 |EEEMEENMEEINEEY 437 ZON <61 RIEN 487503 ] 521 ]541]563]587 6131641}

Figure 1. The paraboctys PS[x? — x + 13,x? —x + 11,x% — x + 11].
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Example 2: let’s be
Y[1] = X3(x) = x

Y[-1] = X, (x) = —x
| [.as]aaflaz]a2]- [0 -9 [ 8] 7] | 3] 2]a]Jof1[2[3[4]s5[6]7[8[9of10ofl1r[12]13]1a]is5]

Xp  #EEE AR AR AR R AR R R AR AR R R R R AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR A
x_focus [### R R AEEE BREE B AR AR AR SR SRR AR SRR AR AR SR AR R SR R R SR R AR SR AR AR SR R AR S
LR i A AR AR A AR R AR B AR B B R AR B B B B B R R B R R B R R S B R B
s 225 196 169 144 121 100 8] 64 49 36 25 16 9 4 1 M 4 9 16 25 36 49 64 8] 100 121 144 169 196 225
Ival 15 14 13 12 11 10 Il 10 11 12 13 14 15
C.G. \nnnnnnnnnnnnnnnnnnnnnnnnnnnunun
Root1 H#RE HRRE FREE R R R R R R R R R R R R R S S R S R R S R A S R R R R SR
ROOL2  #tftit #Hit# HHAH AR IR FHIH FHIH IR FHIR FHRH IR TR FRH IR TR FRRE IR IR JRRH FHIH FRIH FHRH FHIH FRIH FRRE BHIH FRIA JHRE FRIH FHRA FHRH
ROOW2-ROOU #### #### ##H# #AH# HAHH HHHH HHHH HHHH HHHH HHHH FHHH R R SR R F 00 B B BHRR BHHH AR HH B0 R SRR R SR SR S R
Classif.  #### #### #E4H FUEH FHEE FHEE SIEH SHBE SHEH SUBH SHBE SHIR JUHH SRR SHAR SRR SRR ARSI SRR SR SRR IR SR SRR B U R R A R4
y-ip B R R R R I R PR I R IR R R R R R R SR S I R R R I B R B S S
f HAAE SRR AR AR SR A R SR R R A R S A A AR A AR AR AR AR AR AR AR AR AR AR AR AR AR A
| a [ o]oJoJoJoJoJ]oJoJo]o]oJ]o]o]o]o
| b [as[aafasfaaf-nfrof-9o[8[7[-6[-5[4]3[]2]-
100 [T -60

-95 -76 -57 -38

300 -280 -260 [EZIY -220 -200 -180 -160 -140 L)
266 -247 -228 -209 -190 -171 -152 -133 -114
234 -216 -198 -180 -162
221 -204 -187 -170 -153 -136 -119 -102 35 68 51
208 -192 -176 -160 -144 -128 -112 -96 LN -64 XN
180 -165 -150 -135 XN -105 [EXM 75 60 -45 B
IE] -154 -140 -126 -112 -98 -84 -70 E
-117 -104 -91 -78 | -65 | -52 -39
108 -96 -84

60 WELM 100 WELN 140 160 180 200 220 JEZIN 260 280 300
38 57 76 95 114 133 152 171 190 209 228 247 266 285
36 54 JEZEIERM 108 126 144 162 180 198 216 234 252 270
51 68 85 102 119 136 153 170 187 204 221 238 [FE
64 IEIM 96 112 128 144 160 176 192 208
45 60 75 JEDM 105 BEIN 135 150 165 180 EEENIEEEN 225
B 0 84 98 112 126 | 168 |

104 17 169 IFFINES

108 180

121 ERRIEEN 88 77 - - - ss | 99 [ 110 3 154 165
- 20 100 [EETMETN 70 60 50 - - 70 IEINIERH 100 140 150
-126 -117 -108 m- 31 54 -45 - 54 81 m 108 117 126 135

88 96 104 112 QY
77 84 91 98 105

78 \ -66 E - - 23 I 6 HEH 783 s+ IEH
65 -60 - - - - B lﬂ 25 EEN 40 45 50 55 60 65 70 75
E 16 Tl 28 32 s2 IEE

36 - : 21 = > [ T
B - - - - - - - - 6 | 8 RN 12

m- 64 48 40 BEFY 120
\n 135 126 117 108 IEEHIETE 81 63 I - - - 1126 -135
150 140 130 [EECHEECE 100 IECHEEDN 70 : 50 - - 140

-150
\III 165 154 MEXN 110 [ 9o KT - - - - - - - - -165
| 180 IITANEA 144 12 24 8 -0 EZA 96 - 132 |REZY 156

169\130
140 126 112 98 84
165 150 135 [EEON 105 [IERM 75
192 176 160 144 128 112 96 WELOM 64 WEEM

P55 238 221 204 187 170 153 136 119 102 85 68 51
270 252 234 216 198 180 162 144 126 108 54 36
285 266 247 228 209 190 171 152 133 114 95 76 57 38
300 280 260 EZIN 220 200 180 160 140 [EXN 100 BEIM 60 40

- -85 -102 -119 -136 - 204 -221 -

36 -54 IEEHIEIN 108 -126 -144 -162 -180 -198 -216 -234 -252 -270
38 57 76 95 -114 -133 -152 -171 -190 -209 -228 -247 -266 -285
40 -60 TN -100 HEXN 140 -160 -180 -200 -220 XN 260 -280 -300

Figure 1. The paraboctys PS[—x, 0, x]. It is the hyperboctys HS[0,0,0], which is the FMT Full
Multiplication Table.
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Example 3: let’s be

=X
X

x+2
S0 1 12 [ 3 415 67 sl o ltolnliz] i3] 4lis]

1,3 0,3 0,75 1,75 2,75 3,75 4,75 5,75 6,75 7,75 8,75 9,75 10,8 11,8 12,8 13,8 14,8

3 e 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 [0 [ o [ o [ o oo [ o [ w oo o u [ u o3

8 61 57 53 49 45 41 37 33 29 25 21 17 13 9 5 1 3 -7 -1 -5 -19 23 27 -31 35 39 43 47 51 55 59
Vol 7,81 7,55 7,28 7 6,71 6,4 6,08 574 539 5 4,58 4,12 3,61 3 2,24 | ### #HAE HHEE FHEE SR BEEE S FEEE SEEE B S S B S S
C.G. 081 0,55 0,28 [lM 0,71 04 0,08 0,74 0,39l 0.58 0,12 0,61 WM 0.24 M ##c it #eiest et et At A AR A A S AR A S A
Root1 4,41 4,27 4,14 4 3,85 3,7 3,54 3,37 3,19 3 2,79 2,56 2,3 2 1,62 1 HEAH AR AR HHARE A A R R B R R R R R SR
Root2  -3,4 -33 -3,1 -3 29 2,7 25 2,4 22 -2 -1,8 -1,6 -1,3 -1 -0,6 O #### #EHE HHEE BREE FREE BREE BREE FREE BEEE BREE BREE BEEE BREE B SR
Root2-Root1 -7,8 -7,5 753 -7 -6,7 -6,4 -6,1 57 -5,4 -5 -4,6 -4,1 -3,6 -3 -2,2 Sl #AHE A AR A AR A A R A R S SRR R S R
Classif.  DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES DES
y-ip 0,5 5 0, 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5

[z lnliol ol 8] 7 [ 6] 5] 4l3]

366 [EIFA 368 369 370 371 372 374 375 376 377 380 388 390 391 392 393 394 395

328 329 330 332 333 334 335 336 338 339 340 EZPA 343 348 [EZEN 350 351 352 354 355 356 357

\ 291 292 [EEEN 294 295 296 297 298 299 300 301 302 303 VT 308 309 310 [ERNN 312 [EIEN 314 315 316 [EREA 318 319 320 321
258 259 260 261 262 264 265 266 267 268 [N 272 276 278 279 280 [EEIN 282 284 285 286 287
\ 225 226 228 230 231 232 234 235 236 237 PYONPYEN 242 243 244 246 247 248 249 250 PN 252 253 254
196 [EEHA 198 200 201 202 203 204 205 206 207 208 ADNPARN] 212 213 214 215 216 218 219 220 221 222 225
BN 169 170 171 172 [WEEN 174 175 176 177 178 [EEEN 180 PN 183 ] 184 185 186 187 188 190 EEIN 192 WEEN 194 EEEN 196 NEX

142 EEN 144 145 146 147 148 [EEEN 150 M 152 153 154 156 (157 160 164 165 166 [EZANEEN 169 170 171

118 119 EXN 121 122 123 124 125 126 WEEA 128 129 130 [EFY 133 140 141 142 144 145 146 147

o6 WEEM 98 BEEM 100 KM 102 EEEN 104 105 106 KA 108 118 119 BN 121 122 123 124 125

7s 76 77 78 EEMIEN 81 82 84 85 86 87 88 102 104 105
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Figure 1. The paraboctys PS[x + 2, x, x]. It is the specific paraboctys PS[2,0,0], which is the
paraboctys of the initial reasoning of our studies.

Example 4: let’s be

Y[1] = X3(x) = x
Y[0] = X,(x) =x
Y[-1]=X,(x) =x
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Figure 1. The paraboctys PS|[x, x, x].

Conclusion:

To be complete and flexible, all paraboctys will have their notation as 3 consecutive functions.
Each set of 3 consecutive functions will vary according to the column of the paraboctys. They
will always be an X-axis function.
For any 3 functions where Y[—1] = X;(x),Y[0] = X,(x),Y[1] = X5(x), then the generic and
final paraboctys notation will be:

PS[Y[~1],Y[0], Y[1]] = PS[X; (x), X, (%), X3 (x)]
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7 Quadratics on all diagonals and verticals of specific paraboctys

We can do the same reasoning that we did for verticals for any diagonal of any inclination. The
method of finite differences guarantees the same polynomial degree.

The reason is that the horizontal rows are the sequences of consecutive Integer numbers. Thus,
whatever element we choose as the central point to rotate the diagonal, we will subtract the same
amount that we add above the central point from the same value of the equidistant elements below

the central point.
See the mechanism in the figures below for specific paraboctys.
The change of the coefficient a will only change if there are index jumps in the diagonals.

Then, the coefficient will Vary by following the square of the index jump.

12a+4
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12a+2

6a-4 6a-3 6a-2 6a-1 6a 6a+1 6a+2 6a+3 6a+4
2a-4 2a-3 2a-2 2a-1 2a+1 2a+2 2a+3 2a+4

4 8 2 1 1 ,73 B 8 | 4

4 3 2 1 7 2 3 4
dash—|—Taes—| Zae2—| 221 201 | 2ae2 | 2483 | 2ae4
6a-4 6a-3 6a-2 6a-1 6a 6a+1 6a+2 6a+3 6a+4
12a-4 12a-3 12a-2 12a-1 12a 12a+1 12a+2 12a+3 12a+4
20a-4 20a-3 20a-2 20a-1 20a 20a+1 20a+2 20a+3 20a+4

Figure 1. PS[x + 2a, x, x]. All diagonals with the coefficient of second-degree terms a.
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2a=4. - 223 2a-2 2a=1 2a+1 2242 2a+3 _2a+4
4 3 2 1 1 2 3 4
4 3 2 1 B 2 3 4
2a-4 2a-3 2a-2 2a-1 2a+i _2a+2 2a+3 2a+4
6a-4  6as3 6a-2 6a=1 6as Gas2  6ar3  6ad
12a-4 12a-3 12a-2 12a-1 12a 12a+1 12a+2 12a+3 12a+4
20a-4 20a-3 20a-2 20a-1 20a 20a+1 20a+2 20a+3 20a+4

Figure 1. PS[x + 2a, x, x]. All diagonals with the coefficient of second-degree terms 4a.
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Figure 1. PS[x + 2a, x, x]. All diagonals with the coefficient of second-degree terms 16a.
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8 Definition of “trianz”

Rightly, many Editors dislike the use of the term “Tetractys” different from the real original
definition: “The Tetractys (Greek: tetpaxtig), or tetrad, or the Tetractys of the decade is a
triangular figure consisting of ten points arranged in four rows: one, two, three, and four points
in each row, which is the geometrical representation of the fourth triangular number”.

Although it was a source of inspiration for the name paraboctys, the triangles that appear in
our specific paraboctys table have differences from the original Tetractys.

First, our triangular figure has an infinite amount of elements arranged in a triangular grid, in
the same way as Klauber’s triangle. The Tetractys have a finite amount of elements.

We show Tetractys only in the form of an isometric lattice grid. In our studies, we should
study the triangles of the paraboctys both in the isometric lattice grid and in the Cartesian lattice

grid. When in the isometric lattice grid, we should consider each cell being at each vertex of the
equilateral triangles and/or within the triangles.

Also, because of the Offset theory, in our infinite triangles, we need to change the initial value
and its position. Tetractys and Klauber’s triangle start rigidly with number One at the top.

In our study, we need to have the flexibility to start our triangle in any row and with any
Integer, including the Positive, Zero, and the Negative.

Note that, Klauber’s triangle and Tetractys have the characteristic of increasing 2 elements at
each line. But both start from just the Unit element. This forces us to have in all rows only an
Odd number of elements. In this study, we will open the possibility of creating triangles with an
Even number of elements in each line, without changing the increment rate of 2 elements to each
line.

Only with the flexibility of values and flexibility of origin locations we can cover all the
possibilities of finding Prime number sequences.

Later we see that we can base some triangle formats on the repunit’s powers format.

In this line of reasoning, we will define a triangle called “trianz” as having the format of the
specific paraboctys’ triangles, but starting at Zero instead of One. All trianz have all integers
once.

Trianz name with z at the end to be Zero mnemonic.

The primary reason to start with the number Zero is because of the Composite Generators that
sift all the sequences of the prime numbers in the paraboctys.

8.1 The trianz notation

Because these triangles have their properties depending on the paraboctys, then we will use a
notation similar to the paraboctys.

For any 3 consecutive functions where Y[—1] = X, (x), Y[0] = X, (x), Y[1] = X5(x), then the
generic and final trianz notation will be:
TZ[Y[-1],Y[0], Y[1]] = TZ[X, (x), X, (x), X5 (x)]
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8.2 Specific trianz’s in specific paraboctys where coefficienta = 1

For coefficient a = 1, there are only two types of specific paraboctys: PS[x + 1,x,x + 1] and
PS[x + 2,x,x]. Consequently, there are only two types of specific trianz’s TZ[x + 1,x,x + 1]
and TZ[x + 2, x, x] respectively. All other specific paraboctys and specific trianz with quadratics
for a = 1 will be an offset of them.

See the distribution of the countless trianz TZ[x + 1, x, x 4+ 1] in paraboctys PS[x + 1,x,x +

Figure 1. Trianz TZ[x + 1, x, x + 1] in paraboctys PS[x + 1,x,x + 1].

See the distribution of the countless trianz TZ[x + 2, x, x] in paraboctys PS[x + 2, x, x].
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Figure 1. Trianz TZ[x + 2, x, x] in paraboctys PS[x + 2, x, x].

Note that to obey the rule of all trianz having all the Integer numbers once, then all the negative
numbers and each Zero take part in two trianz's. See the example below:
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Figure 1. Each Zero participates in two trianz's:

8.3 Trianz offset
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one up and one down.

Let's define the offset value of each trianz as the value of the row where the element Zero of

the central element line of the trianz is located.

This way, the down-facing trianz on the right side of the paraboctys center line will have a
positive offset. The down-facing trianz on the left side of the paraboctys center line will have a
negative offset. The opposite occurs for the up-facing trianz.

See the central trianz’s in table format in paraboctys PS[x + 1,x,x + 1] and PS[x + 2, x, x]:
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Figure 1. The central trianz TZ[x + 1,x,x + 1] and trianz TZ[x + 2, x, x] in table format.

In Figure 1. above, the trianz TZ[x + 1, x, x
TZ[x + 1,x,x + 1] facing up has offset f = 1.

+ 1] facing down has offset f = —1. The trianz
The trianz TZ[x + 2, x, x] face down has offset

f = 0. The trianz TZ[x + 2, x, x] face up has offset f = 1.
Thus, the trianz TZ[x + 1,x,x + 1] offset f = 0 is a straight line representing the line of

integers.
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8.4 Reading the trianz

The advantage of defining the trianz object appears when we study TZ[x + 2, x, x].

There are infinitely many trianz TZ[x + 2, x, x] in offset in paraboctys PS[x + 2, x, x]. Let’s
focus on the center where the offset is zero.

The Oblong sequence divides TZ[x + 2, x, x] into positive columns on the right side and

negative columns on the left side.

Any diagonal or vertical line in paraboctys will cross the rows [Y[—l], Y[0], Y[l]]. From the

value of these 3 elements given by [Y[—l], Y[0], Y[1]] we can use our general quadratic formula

to get the corresponding quadratic equation of the respective line.
For example, in the bottom trianz TZ[x + 2, x, x]:

1.

It has left an ascendant diagonal line x =y. This diagonal line passes through
[Y[-1] = 1,Y[0] = 0,Y[1] = 1]. So, this diagonal has the quadratic elements [1,0,1] =
Y[y] = y%, A000290 Square numbers in offset f = 0.

It has the right descendant diagonal line x = —y. This diagonal line passes through
[Y[-1] = 3,Y[0] = 0,Y[1] = —1]. So, this diagonal has quadratic elements [3,0, —1] =
Y[y] = y% — 2y, A005563 (Square minus One) numbers in offset f = 1.

Both the bottom and the top trianz have in the center the same vertical line in column x =
0. This vertical line passes through [Y[—1] = 2,Y[0] = 0,Y[1] = 0]. So, this diagonal
has the quadratic elements [2,0,0] = X[y] = y? — vy, A002378 Oblong numbers in offset
f=0.

The top trianz TZ[x + 2, x, x] has equivalent features, but an offset one from the other.
4. The descendant diagonal —1: 1 = —45° in the top's left trianz TZ[x + 2, x, x], is the line

with equation x = —y + 1. This line represents the quadratics given by [4,1,0] = X[y] =
y? — 2y + 1, A000290 Square numbers in offset f = 1.

The ascendant diagonal 1: 1 = 45° in the top's right trianz TZ[x + 2, x, x], is the line with
equation x = y — 1. This line represents the quadratics given by [0,—1,0] = X[y] =
y? — 1, A005563 (Square minus One) numbers in offset f = 0.
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9 Primes in the trianz

See that the vertical line passing through the Zero of TZ[x + 2, x, x] is the vertical line at
column x = 0 in PS[x + 2, x,x]. This line represents the quadratics [2,0,0] = X[y] = y? — v,
which is the A002378 Oblong quadratic.

So, each row of TZ[x + 2, x, x] starts in A000290 Square numbers, passes through A002378
Oblong numbers in the center, and ends at A005563 (Square Minus One) numbers.

TZ[x + 2, x, x] shows us that between two consecutive Oblong numbers, there is one Square
number. And, between two consecutive Square numbers, there is one Oblong number.

Having equidistant elements with Oblong numbers in the middle, allow us to write:
Square[y — 1] + (Square[y] - 1) (y-1)*+(@?*-1) |

5 = ) =y =y

See the extended study at chapter triangles in paraboctys (from the former draft:
https://oeis.org/wiki/User:Charles_Kusniec/Triangles_in_Paraboctys).

So, the vertical A002378 Oblong numbers in the central column of PS[x + 2, x, x] divide
TZ[x + 2,x,x] into two halves. The trianz TZ[x + 1, x,x + 1] has an equivalent division. See

below:
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Figure 1. The trianz TZ[x + 1,x,x + 1] and TZ[x + 2, x, x] divided into two areas: the area of
the squares in yellow and the area of the oblong ones in maroon.
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9.1 Primes between a Square number and its following Oblong number

Primes in the yellow area of TZ[x + 1,x,x + 1] and TZ[x + 2, x, x] are Primes between a
Square and its following Oblong. They seem to be the sequence A307508 Primes p for which the
continued fraction expansion of sqrt(p) does not have a 1 in the second position. {2, 5, 11, 17,
19, 29, 37, 41, 53, 67, 71, 83, 89, 101, 103, 107, 109, 127, 131, 149, 151, 173, 179, 181, 197,
199, 227, 229, 233, 239, 257, 263, 269, 271, 293, 331, 337, 367, 373, 379, 401, 409, 419, 443,
449, 457, 461, 487, 491, 499, 503, 541, 547, 577, 587, 593, 599, ...}.

Here the doubt falls on prime 2. In TZ[x + 1, x, x + 1] prime 2 seems to be clear in the maroon
Oblong area, while in TZ[x + 2, x, x] it appears exactly on the dividing line between the Square
and Oblong areas.

However, if we consider the number of Primes between a Square number and its following

2
Oblong number given by the sequence A089610 Number of Primes between n? and (n + %) ,

then prime 2 belongs to the yellow area of the Squares.

The sequence A089610 Number of Primes between n? and (n + ;)2 is{1,1,1,2,1,2, 1, 2,
2,4,2,2,3,2,4,4,1,2,3,3,4,4,2,4,4,4,4,4,4,4,5,5,6,4,5,7,3,6,6,8,5,5,7,4,6,7, 6,
7,6,6,59,7,7,6,7,7,6,8,8,7,7,8,9,11,7,8,10,8,11,8,7,7, 10, 11, 12,4, 9, 11, 6,9, 9,
10,8,9,8,11,8,8,9, 10, 8, 13, 10, 9, 10, 14, 12,...}.

For small values of n, these numbers exhibit higher and lower values as n increases.
Conjectures: Aftern = 17, a(n) > 1. Thereis an, suchthata(n) < a(n+ 1) foralln > n,.
Same as the number of Primes between n? and n? + n. Oppermann conjectured in 1882 that
a(n) > 0.
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9.2 Primes between an Oblong number and its following Square number

Primes in the maroon area of TZ[x + 1,x,x + 1] and TZ[x + 2, x, x] are Primes between an
Oblong and its following Square. They seem to be the sequence A334163 Primes p whose
continued fraction expansion of \/E has a 1 in the second position. {3, 7, 13, 23, 31, 43, 47, 59,
61,73, 79,97, 113, 137, 139, 157, 163, 167, 191, 193, 211, 223, 241, 251, 277, 281, 283, 307,
311, 313, 317, 347, 349, 353, 359, 383, 389, 397, 421, 431, 433, 439, 463, 467, 479, 509, 521,
523,557, 563, 569, 571, 601, 607, 613, 617, 619, ...}.

Here the doubt falls on prime 3. In TZ[x + 1, x,x + 1] prime 3 seems to be clear out of the
maroon Oblong area, while in TZ[x + 2, x, x] it seems to be clear in the maroon Oblong area.

However, if we consider the number of Primes between an Oblong number and its following
Square number given by the sequence A094189 Number of Primes between n? —n and n?
(inclusive), then prime 3 belongs to the maroon area of the Oblong.

The sequence A094189 Number of Primes between n? — n and n? (inclusive) is {0, 2, 1, 1,
1,1,2,2,2,1,1,2,3,2,2,2,3,4,4,3,4,3,3,4,5,4,3,4,5,4,4,5,4,4,5,5,2,6,6,5,4,6, 4,
57,7,3,7,8,4,5,10,7,5,6,5,5,10,7,8,8,6,10,7,5,5,8,7,7,5,10,7, 8, 10, 7, 7, 10, 10,
912,7,11,10,10,9, 7,13, 11, 10, 10, 11, 10, 11, 10, 11,...}.

Conjecture: forn > 11, a(n) > 1.
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9.3 Distribution of prime numbers between Square and Oblong and vice
versa.

Conjecture: 50% of the Primes are between Square and Oblong and 50% between Oblong and
Square.

StO otS StO + OtS
A089610 A094189 A014085 Sum StO +

Number of Number of Number of Sum OtS Sum StO / | Sum OtS /

row of . Sum StO . Sum OtS .
12[2,0,0] primes AXXXXXK primes AOOOK primes Axxxxxx All | (Sum StO + | (Sum StO +
I between between between [ Primes until| Sum OtS) Sum OtS)

Square and Oblong and consecutive

Oblong Square Squares
! 1 | I 50,000%
i > R 50,000%
1 3 R R 50,000%
2 5 | N 55,556%
i o I N 54,545%
2 8 53,333%
O o | R 50,000%
2 l 50,000%
[ 10 [N 13 | N 52,000%
B 17 | R 56.667%
2 19 55,882%
2 21 53,846%
3 24 54,545%
2 2 54,167%
B 30 I T R 55.556%
4 34 55,738%
s . 35 53,030
2 37 T 51,380% IEENANER
3 40 ETR T 51,282%
3 43 50,588%
4 a7 51,087%
4 51 51.515%
2 CERNN 4 | 2 [ 6 | 50,476%
4 57 I A R 50,000%
4 | o | | 50,000%
4 65 50,388%
4 69 | TR 50,365%
4 73 I R 50,000%
4 77 A 50,000%
4 81 | TR N 50,000%  [NENAS
5 B 5 [ 8 [ 10 | 50,000%
5 o I T R 50,276%
6 o7 I TN T 50,785%
4 OB 5 [ 9 | 9 | 50,500%
5 N 5 | 104 [ 10 | 50,476%
7 113 51,598%
3 116 I A R 50,877%
6 EZB 6 [ 118 | 12 | 50,833%
6 125 N EATER BRI 50,996%
8 136 51.711%
5 EIN 6 | 133 [ 11 | 51,460%
5 ECRN ¢ [ 137 | 9 | 51,590%
7 153 51.864%
4 157 AT BRI TR 5'.307%
6 RN 7 [ 156 | 13 | 51,097%
7 170 EREEI BT EETCI 516725
6 176 A B ER 51.462%
7 153 I I Z IR VA 51,26 %
6 IEENN ¢ [ 178 | 1o [ 367 [ERAEEE
6 105 T IR 51567
5 200 IO INNTEI BN 50,891%
o 209 51,100%
7 A 5 [ 205 [ 12 | 51,306%
7 223 NI B FR 51.382%
6 220 IR BRI 51.461%
7 XI5 [ 221 [ 12 | 51,641%
7 VO 0 | 1 | i 51.266%
6 260 AN ET N ER 51.129%
8 257 L BT 51,003%

Figure 1. StO means Square to Oblong, OtS means Oblong to Square. Comparison between
rows from 2 to 60 of TZ[x + 2, x, x].
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993, [NETERNNETEINYIN ™ o5 | 2g4s314 | 1115 | 5095734 |
993;  [ECERNNRTEITIN 502 | ssasssc | 1045 | 5609779 |
991, [EEETTNNNNRCIOPEN 50 | asaoses | 1052 | 5700861 |
5915 [EEITNNNRYOIYEN  sis | asaoese | 1065 | 5701929 |
5920 [EEETRNRYOSITN 554 | 2850420 | 1060 | 5702989 |

FERTEENION 551 | 2ss00s1 | 066 | 5704055 |
ETRRETEECTl 520 | 2ssiazi | roac | 5705101 ]
EYRRNETINE N sic | 2852017 | 1065 | 5706169 |
o950 [NEUMMMNRYONITN  sis | assases | 1005 | S7ovzod |
9951 [EETERMNTEITIE  scs | asssizo | 1117 | s7os3ei |
9957 [NEESMMNRCRATl 576 | ass3705 | 1117 | 5709496 |
EEERMNTEIEITl  sio | 2ssazas | 075 | 5710575 |
ETRRETEIT IO 555 | 2ssaze0 | 1053 | s7ii666 |
TRRTENN 505 | 2ssssos | ross | s7izrzs
552 2857965 NN ETSTIENIRUTERN ARV YAl
ETRRNTEYICl 575 | 2sseao2 | rioi | s7i4sss |
o955 [EIPRMNNRYCIVENN i1 | 2856033 | 1083 | 5715971 |
5955 [NECICENMRYCICION 565 | ass7as6 | 1070 | 5717050 |
9950 [EECICRNNTTIIVOl  5i2 | asseoss | 1055 | 5718106 |
9951 [EECIVRMMNECOITI ol 555 | asses7e | 1041 | 5719749 |
905z [EEETCNMMNEYSEET 5o | assoiaq | 1111 | 5720260 |
595:  [NEETTIMMNRYOSITP 50 | 2859654 | 1056 | 5721316 |
995: [EEEETSNNNRTISSPTl 512 | ascoiee | 0sc | 5722367 |
9955 [EICRNMNRTSYRT  5i0 | 2860706 | 1050 | 5723447 |
EERRETIEc I 530 | 2soiaas | ros2 | 5724494 |
SERRNETIEN 562 | 2seis07 | Ties | 5725619
551 2864363 |EECENNN TZEIN U VZIATN
EIRRETIOTTOl 561 | 2sca012 | ross | 5727797
9970 [EETPRNNRYCOIET 551 | asesqas | 1053 | 5728880 |
o071 [EETINMNRYCSII  ic | 2863089 | 1066 | 5720946 |
5577 [EEETERNNRTTIONE 515 | aseas0s | 1049 | 573099 |
575 TRl sc0 | 2865063 | 1052 | 5732087 |
957, [NECTTRNNRCCSRAl 571 | asesess | 1125 | 5733210 |
o075 [EEHNMNRYCISPYl 55 | aseeier | 1oss | 5734204 |
557c  [NEEEINMMNRYCICHIN 55 | 2866705 | 1060 | 5735363 |
9577 [TERMMRTIISIT  5i7 | aserese | io7c | 5736439 |
957c  [NEEETINNRCITOPtl 56 | asezei0 | 1004 | 5737533 |
EEPRNTIZot il sis | 2scesse | Ti00 | 5736633
DTt 575 | 2868533 | 1053 | 5730726 |
SOOIl seo | 289522 | vics | 5740594
DYRNTUEIEN 550 | 2870056 | 075 | s7a1969 |
995;  [NEEICRNNRORYEIl 555 | 2870500 | 1070 | 5743045 |
505, [EEEETNMMNRYOYITN o5 | 2871115 | 1064 | 574411z |
9955 [NESIINNNRTORISEl 506 | ss7ical | ooz | 574517 |
995c  [NEEETIMMNRTOOTYE o5 | as72206 | 1005 | 5746269 |
9057 [EEEENMNNRCOOTIVN 500 | aszazes | 1075 | s7aviec |
o0sc  [EFVIMMRYCRIEVE 555 | aa73c61 | 1053 | 5748395 |
5950 [EEPONNRYONTAl 5o | aa73820 | 1100 | 574949 |
9950 [NEEETRNMNRYITYA 517 | as7assz | 040 | 5750544 |
555 2876762 EEENNETZT N U VAN
TR el 555 | 2875433 | rosc | s7s2726 |
PRIl sic | 2875575 | To7s | 5753606 |
Ll 576 | 2876525 | 107 [ 5754015 ]
ETRRT IOVl 551 | 2877056 | 1050 | 5756003 |
995c  [EETTRNNRYORVITN 57 | as77503 | 1050 | 5757097 |
5957  [NEEEERNMNRYCISINN 5o | aa7eise | 1004 | 5758166 |
995c  [NEESTINRTTOIN 551 | as7e70s | 1057 | 5759273 |
9950 [ECITRNRTISPY  5io | as7o252 | 1105 | 5760376 |
70000 JNEEYRRRNPPHIIST 555 | 2870785 | 1077 | 5761455

50,018% |EERTFEN
50.015% EERTEEN
s0.019% EERTIEN
50.019% BEEKDIEN
s0.019% IEEXOIES
s0.019% EERTIEA
s0.019% IEERTIEN
50,019% BEEKDIEN
50.019% IEEXDIEN
s0.019% EERTIEE
50.018% EERTEEN
s0.015% ERTYEN
50,015% IEEKTFEN
s0.018% EERTREN
s0.019% EERTIEN
s0.018% EERTYEN
50,015% IEEKTFEN
s0.015% IEEKIFEN
s0.018% EERTEEN
s0.015% ERTEEN
50,015% IEEKTFEN
50,015% IEEKTFEN
s0.018% EERTEEN
50.015% EERTEEN
s0.018% EERTYEN
50,015% IEEKTFEN
s0.018% EERTEEN
50.017% EERTEC
50.017% ERTE
50,017% IEEKTEEE
50,017% | EERTECH
50.017% EERTECH
50.017% EERTE
50,017% IEEKTEEN
50,017% IEEKTELE
50.017% EERTECH
50.017% EERTEN
50.017% EERTE
50.016% IEEKTZEN
50.016% EERTEEN
50.016% EERTEN
s0.016% EERTEN
50,016% IEEKTIEN
50.016% EERTEEN
50.016% EERTEN
50.016% EERTEN
50,016% IEEKTIEN
50.016% IEEKTZEN
50.016% IEERTEZN
50.016% EERTEEN
s0.016% EERTIAN
50.016% IEEKTZEN
50.016% EERTEEN
50.016% EERTEE
s0.017% EERTEDN
50,016% IEEKTIEN
50.016% EERTEEN
50.016% EERTEN
s0.016% IERTZEN

©

olo|lo|v|o ©ololv|v ©ololvl|v olo|ololv wolo|v
olo|lv|o|o ©olo|lv|v ©olo|lv|v ©o|lo|ololo ©olo|o
©olo|lv|o|o ®[oo|oo|~ afo|o|a vla|a|nfa INESES
vR|w|N|= N| =S| ©fcw|N|o N|o|v| s fw ©|eo|~N

Figure 1. Comparison between rows from 9942 to 10000 of TZ[x + 2, x, x].

Axxxxxx The sum of the number of Primes between Squares and following Oblongs {1, 2, 3,
5,6,8,9,11,13,17,19, 21, 24, 26, 30, 34, 35, 37, 40, 43, 47, 51, 53, 57, 61, 65, 69, 73, 77, 81,
86,91, 97, 101, 106, 113, 116, 122, 128, 136, 141, 146, 153, 157, 163, 170, 176, 183, 189, 195,
200, 209, 216, 223, ...}. The sum of the element in A089610.

Ayyyyyy The sum of the number of Primes between Oblongs and following Squares {1, 2, 3,
4,5,7,9,11, 12,13, 15, 18, 20, 22, 24, 27, 31, 35, 38, 42, 45, 48, 52, 57, 61, 64, 68, 73, 77, 81,
86, 90, 94, 99, 104, 106, 112, 118, 123, 127, 133, 137, 142, 149, 156, 159, 166, 174, 178, 183,
193, 200, 205, 211, ...}. The sum of the element in A094189.

Azzzzzz The sum of the number of Primes between two consecutive Squares {2, 4, 6, 9, 11,
15, 18, 22, 25, 30, 34, 39, 44, 48, 54, 61, 66, 72, 78, 85, 92, 99, 105, 114, 122, 129, 137, 146,
154, 162, 172, 181, 191, 200, 210, 219, 228, 240, 251, 263, 274, 283, 295, 306, 319, 329, 342,
357,367,378, 393,409, 421, 434, ...}. The sum of the elements in A014085.
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9.4 Number of Primes between consecutive Square numbers

A014085 Number of Primes between n? and (n + 1)? {0, 2,2,2,3,2,4,3,4,3,5,4,5,5,4,
6,7,5,6,6,7,7,7,6,9,8,7,8,9,8,8,10,9, 10,9, 10,9,9, 12, 11, 12, 11,9, 12, 11, 13, 10, 13,
15,10, 11, 15,16, 12,13, 11, 12, 17, 13, 16, 16, 13, 17, 15, 14, 16, 15, 15, 17, 13, 21, 15, 15, 17,
17, 18, 22, 14, 18, 23, 13,...}. This sequence represents the number of Primes in each row of
TZ[x + 2, x,x]. Suggested by Legendre's conjecture (still open) that for n > 0 there is always a
Prime between n? and (n + 1)2.

Conjecture to prove in this study: There are always over 2 Primes between two consecutive
nonzero Squares.

For future studies:

e A060199 Number of Primes between n3 and (n + 1)3. {0, 4, 5,9, 12, 17, 21, 29, 32, 39,
49, 52, 58, 73, 76, 88, 92, 109, 117, 125, 140, 151, 159, 176, 188, 199, 207, 233, 247,
254,267, 284, 305, 320, 346, 338, 373, 385, 416, 418, 437, 458, 481, 504, 517, 551, 555,
583,599, 636, 648, 678, 686, 733, 723, 753, 810, ...}. Conjecture: There are always over
3 (or 4?) Primes between two consecutive nonzero Cubes.

o A216266 Number of Primes between n*3 and n*3+n (inclusive). {1,0, 1,1, 1, 0,
2,0,1,1,0,1,2,2,1,2,1,3,3,3,2,4,0,3,5,4,4,2,3,2,2,5,3,3,2,5,2,3, 4,
,2,3,6,6,5,4,5,6,5,4,4,3,4

11, ...}. Conjecture: a(n)>0 for

3 b b

e A061235 Number of Primes between n* and (n + 1)*. {0, 6, 16, 32, 60, 96, 147, 207,
283, 382, 486, 619, 773, 945, 1139, 1351, 1610, 1870, 2165, 2496, 2848, 3237, 3653,
4125, 4572, 5118, 5698, 6269, 6894, 7586, 8309, 9033, 9907, 10656, 11616, 12522,
13509, 14552, 15639, 16708, 18009, 19140, 20527, ...}. Conjecture: There are always
over 4 (or 6?) Primes between two consecutive nonzero power 4.

e A062517 Number of Primes between n° and (n + 1)°. {0, 11, 42, 119, 273, 540, 954,
1573, 2456, 3624, 5181, 7177, 9666, 12797, 16514, 21098, 26454, 32836, 40134, 48760,
58508, 69714, 82277, 96723, 112702, 130639, 150488, 172617, 197039, 223915,
253318, 285540, 320450, 358839, 400159, 445011, 493504, ...}. Conjecture: There are
always over 5 (or 11?) Primes between two consecutive nonzero power 5.

e Andsoon...

A007491 Smallest Prime > n? or a(n) is the smallest Prime p such that n> <p <n? +n
{2,5,11,17,29,37, 53,67, 83,101, 127, 149, 173, 197, 227, 257, 293, 331, 367, 401, 443, 487,
541, 577, 631, 677, 733, 787, 853, 907, 967, 1031, 1091, 1163, 1229, 1297, 1373, 1447, 1523,
1601, 1693, 1777, 1861, 1949, 2027, 2129, 2213, 2309, 2411, 2503, ...}.

A053001 Largest Prime < n?. {3,7,13,23,31,47,61,79,97, 113, 139, 167, 193, 223, 251,
283, 317, 359, 397, 439, 479, 523, 571, 619, 673, 727, 773, 839, 887, 953, 1021, 1087, 1153,
1223, 1291, 1367, 1439, 1511, 1597, 1669, 1759, 1847, 1933, 2017, 2113, 2207, 2297, 2399,
2477,2593, ...}
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9.5 Number of Primes between consecutive Oblong numbers

The best trianz to see the number of Primes between consecutive Oblong numbers is TZ[x +
1,x,x+1].

Bl o - EIRAERES - Al o
-2

EE : E
AL © [
(12 [ 14 [s 7] e 1o |

20 [ 21] 22 [75] 24 [EEMETRETR ¢ | 20
o [31] 52 [ 33 3+ |35 [l 7 R <o |+ [
A EOEEEARAE s 5 5 EIEIE
56 [ 57|58 |59] 60616263 FZEETEETN 67 [ ME
(72|73 | 74| 75| 76 [ 77| 78 | 79 | 80 [EINEFN 83 [EZINEIRNTANTA s | 89 |
(90 o1 o2 |95 [ 94 [ 95| o657 o¢ [ 90 RN 101 KT 103 RIOREERES 1071 10: 109

Figure 1. The trianz TZ[x + 1, x, x + 1] has two central columns: the sequence A005563
(Square minus 1) numbers and the sequence A000290 Square numbers.

See that each line starts with an A002378 Oblong number and ends with the sequence
A165900 Values of the Fibonacci polynomial Y[y] = y2 —y — 1.

Let’s consider the number of Primes between consecutive Oblong numbers from line —3
onwards the sequence A108309 {6;2;2,3,2,3,3,4,4,5,3,4,6,4,6,6,4,6,7,6,8,7,5,8,9,
8,7,8,9,8,9,10, 10, 8, 10, 12, 5, 12, 12, 13,9, 11, 11, 9, 13, 14, 9, 14, 14, 10, 10, 19, 14, 12,
12,12,12, 16, 15, 16, 15,13, 18, 16, 16, 12, 16, 17, 15, 16, 18, 14, 15, 20, 18, 19, 14, 19, 20, 18,
16, ...}. Except for the initial term, a(n) > 2 because in the interval 2n — 1 of odd numbers
there are always at least two Primes. For n > 2, this is the same as the number of Primes between
n? —n and n? + n, which is the sum of A089610 and A094189.

To check in Polyboctys the Oblong equivalence in Cubics, Quartics, Quintics, etc.

The sequence of the smallest Prime number greater than an Oblong number is A182047 {2,
3,7,13,23,31,43,59, 73,97, 113, 137, 157, 191, 211, 241, 277, 307, 347, 383, 421, 463, 509,
557, 601, 653, 709, 757, 821, 877, 937, 997, 1061, 1123, 1193, 1277, 1361, 1409, 1483, 1567,
1657, 1723, 1811, 1901, 1987, 2081, 2179, 2267, 2357, 2459, 2551, ...}.

The sequence of the largest Prime number smaller than an Oblong number is A161550 {2, 5,
11,19, 29, 41, 53, 71, 89, 109, 131, 151, 181, 199, 239, 271, 293, 337, 379, 419, 461, 503, 547,
599, 647, 701, 751, 811, 863, 929, 991, 1051, 1117, 1187, 1259, 1327, 1399, 1481, 1559, 1637,
1721, 1801, 1889, 1979, 2069, 2161, 2251, 2351, 2447, 2549, 2647, ...}.
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9.6 The sequences of Primes

If we expand this paraboctys with a = 1 into more columns, we will find relatively close to

the Oblong number sequence some Prime sequences like:

________________

>
I
=3
3

~

s [ 1 ]
415 422 437
375 381 382
299 323 341 343 344
287 299 301 305 308
253 259 265 267 273 274
221 235 242
[GE 67 | 191 [ 197 JETE 205 209 212
133 169 175 177 I 183 184
127 143 155 158
51 [ 37 | 119 125 133 134 143
173 | 59 | | 67 [N 105 m 112 15 121
193 [ 79 | [ 47 [ 71 | | es  EEECEE 91 92 CER 01 [ 107 [ 131 |
211 _ _-ﬂ 65 74 77 IEER [ 13 |
227 49 51 55 LR 5o [ 61 | 67 | 73 [ o7 |
241 35 44
-253 -I- 25 32 35
-263 15 21 22 P 31 [ 37 | 61 |
-n- | 7 | 4
103 - I s | 7 [ -'.I-
-281 -167 747 717 - - - 1 3 4 5

N ulo
IIIIIIIHIHEIHH

=)
N

17 23 47
_ 7 | 23 [ 29 [ 53 |
zs [ 31 [ 37 [ &1 ]
[ 83 |

-1

| 17 |
37 |
[ 59 | 19 125 133 135
[ 8 [ o7 [ 113 | 137 |NREE 155 159 161
109 [EEE 169 175 177 I 183 185 (EYAN 103 [ 199 | 223 |
161 INGANBSCTRNENETAN 203 205 209 213 215 221 |

[ o1 |
131 | 167 [ 101 [ 197 |NEETY 235 243 245
[ 163 [ 190 [ 223 | 220 R 259 265 267 273 275 289
287 299 301 305 309 323
173 299 323 329 335 341 343 345
361 375 381 385 391
0 371 377 407 413 415 422 423 425 437

Particularly, when coefficient c is a Prime, we can see A014556 Euler's "Lucky" numbers: n
such that m*2-m+n is Prime for m=0..n-1.
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